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GENERALIZATIONS OF SOME INEQUALITIES FOR THE
p-GAMMA, q-GAMMA AND k-GAMMA FUNCTIONS
KWARA NANTOMAH, EDWARD PREMPEH
Abstract. In this paper, we present and prove some generalizations of some
inequalities for the p-Gamma, q-Gamma and k-Gamma functions. Our ap-
proach makes use of the series representations of the psi, p-psi, q-psi and k-psi
functions.
1. Introduction
We begin by recalling some basic definitions related to the Gamma function.
The Psi function, ψ(t) is defined as,
ψ(t) =
d
dt
ln(Γ(t)) =
Γ′(t)
Γ(t)
, t > 0. (1)
where Γ(t) is the classical Euler’s Gamma function defined by
Γ(t) =
∫
∞
0
e−xxt−1 dx, t > 0. (2)
The p-psi function, ψp(t) is defined as,
ψp(t) =
d
dt
ln(Γp(t)) =
Γ′p(t)
Γp(t)
, t > 0. (3)
where Γp(t) is the p-Gamma function defined by (see [3], [2] )
Γp(t) =
p!pt
t(t+ 1) . . . (t+ p)
=
pt
t(1 + t1 ) . . . (1 +
t
p
)
, p ∈ N, t > 0. (4)
The q-psi function, ψq(t) is defined as,
ψq(t) =
d
dt
ln(Γq(t)) =
Γ′q(t)
Γq(t)
, t > 0. (5)
where Γq(t) is the q-Gamma function defined by (see [5])
Γq(t) = (1− q)
1−t
∞∏
n=1
1− qn
1− qt+n
, q ∈ (0, 1), t > 0. (6)
Similarly, the k-psi function, ψk(t) is defined as follows.
ψk(t) =
d
dt
ln(Γk(t)) =
Γ′k(t)
Γk(t)
, t > 0. (7)
2010 Mathematics Subject Classification. 33B15, 26A48.
Key words and phrases. p-Gamma Function, q-Gamma Function, k-Gamma Function,
Inequality.
172
SOME INEQUALITIES FOR THE GAMMA FUNCTION 173
where Γk(t) is the k-Gamma function defined by (see [1], [6] )
Γk(t) =
∫
∞
0
e−
xk
k xt−1 dx, k > 0, t > 0. (8)
In [4], Krasniqi and Shabani proved the following results.
p−te−γtΓ(α)
Γp(α)
<
Γ(α+ t)
Γp(α+ t)
<
p1−teγ(1−t)Γ(α+ 1)
Γp(α+ 1)
(9)
for t ∈ (0, 1), where α is a positive real number such that α+ t > 1.
Also in [2], Krasniqi, Mansour and Shabani proved the following.
(1− q)te−γtΓ(α)
Γq(α)
<
Γ(α+ t)
Γq(α+ t)
<
(1− q)t−1eγ(1−t)Γ(α+ 1)
Γq(α+ 1)
(10)
for t ∈ (0, 1), where α is a positive real number such that α+ t > 1 and q ∈ (0, 1).
In a recent paper [7], K. Nantomah also proved the following result.
k−
t
k e−t(
kγ−γ
k )Γ(α)
Γk(α)
≤
Γ(α+ t)
Γk(α + t)
≤
k
1−t
k e(1−t)(
kγ−γ
k )Γ(α+ 1)
Γk(α+ 1)
(11)
for t ∈ (0, 1), where α is a positive real number.
The main objective of this paper, is to establish and prove some generalizations
of the inequalities (9), (10) and (11) as previously established in [4], [2] and [7]
respectively.
2. Preliminaries
We present the following auxiliary results.
Lemma 2.1. The function ψ(t) as defined in (1) has the following series represen-
tation.
ψ(t) = −γ + (t− 1)
∞∑
n=0
1
(1 + n)(n+ t)
= −γ −
1
t
+
∞∑
n=1
t
n(n+ t)
(12)
where γ is the Euler-Mascheroni’s constant.
Proof. See [8].
Lemma 2.2. The function ψp(t) as defined in (3) has the following series repre-
sentation.
ψp(t) = ln p−
p∑
n=0
1
n+ t
(13)
Proof. See [4].
Lemma 2.3. The function ψq(t) as defined in (5) has the following series repre-
sentation.
ψq(t) = − ln(1− q) + ln q
∞∑
n=0
qt+n
1− qt+n
(14)
Proof. See [2].
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Lemma 2.4. The function ψk(t) as defined in (7) also has the following series
representation.
ψk(t) =
ln k − γ
k
−
1
t
+
∞∑
n=1
t
nk(nk + t)
(15)
Proof. See [7]
3. Main Results
We now state and prove the results of this paper.
Lemma 3.1. Let a > 0, b > 0 and t > 1. Then,
aγ + b ln p+ aψ(t)− bψp(t) > 0
Proof. Using the series representations in equations (12) and (13) we have,
aγ + b ln p+ aψ(t)− bψp(t) = a(t− 1)
∞∑
n=0
1
(1 + n)(n+ t)
+ b
p∑
n=0
1
(n+ t)
> 0
Lemma 3.2. Let a > 0, b > 0 and α+ βt > 1. Then,
aγ + b ln p+ aψ(α+ βt)− bψp(α + βt) > 0
Proof. Follows directly from Lemma 3.1
Lemma 3.3. Let a > 0, b > 0, q ∈ (0, 1) and t > 1. Then,
aγ − b ln(1− q) + aψ(t)− bψq(t) > 0
Proof. Using the series representations in equations (12) and (14) we have,
aγ−b ln(1−q)+aψ(t)−bψq(t) = a(t−1)
∞∑
n=0
1
(1 + n)(n+ t)
−b ln q
∞∑
n=0
qt+n
1− qt+n
> 0
Lemma 3.4. Let a > 0, b > 0, q ∈ (0, 1) and α+ βt > 1. Then,
aγ − b ln(1− q) + aψ(α+ βt)− bψq(α+ βt) > 0
Proof. Follows directly from Lemma 3.3
Lemma 3.5. Let a ≥ b > 0, k ≥ 1 and t > 0. Then,
kaγ − bγ
k
+
b
k
ln k +
a− b
t
+ aψ(t)− bψk(t) ≥ 0
Proof. Using the series representations in equations (12) and (15) we have,
kaγ − bγ
k
+
b
k
ln k+
a− b
t
+aψ(t)−bψk(t) = t
[
a
∞∑
n=1
1
n(n+ t)
− b
∞∑
n=1
1
nk(nk + t)
]
≥ 0
Lemma 3.6. Let a ≥ b > 0, k ≥ 1 and α+ βt > 0. Then,
kaγ − bγ
k
+
b
k
ln k +
a− b
α+ βt
+ aψ(α+ βt)− bψk(α+ βt) ≥ 0
Proof. Follows directly from Lemma 3.5
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Theorem 3.7. Define a function Ω by
Ω(t) =
pbβteaβγtΓ(α+ βt)a
Γp(α+ βt)b
, t ∈ (0,∞), p ∈ N (16)
where a, b, α, β are positive real numbers such that α+βt > 1. Then Ω is increasing
on t ∈ (0,∞) and for every t ∈ (0, 1), the following inequalities are valid.
p−bβte−aβγtΓ(α)a
Γp(α)b
<
Γ(α+ βt)a
Γp(α+ βt)b
<
pbβ(1−t)eaβγ(1−t)Γ(α+ β)a
Γp(α+ β)b
. (17)
Proof. Let f(t) = lnΩ(t) for every t ∈ (0,∞). Then,
f(t) = ln
pbβteaβγtΓ(α+ βt)a
Γp(α+ βt)b
= bβt ln p+ aβγt+ a ln Γ(α+ βt)− b lnΓp(α+ βt)
Then,
f ′(t) = aβγ + bβ ln p+ aβψ(α + βt)− bβψp(α+ βt)
= β [aγ + b ln p+ aψ(α+ βt)− bψp(α+ βt)] > 0. (by Lemma 3.2)
That implies f is increasing on t ∈ (0,∞). Hence Ω is increasing on t ∈ (0,∞) and
for every t ∈ (0, 1) we have,
Ω(0) < Ω(t) < Ω(1)
yielding the result.
Theorem 3.8. Define a function φ by
φ(t) =
(1− q)−bβteaβγtΓ(α+ βt)a
Γq(α+ βt)b
, t ∈ (0,∞), q ∈ (0, 1) (18)
where a, b, α, β are positive real numbers such that α+βt > 1. Then φ is increasing
on t ∈ (0,∞) and for every t ∈ (0, 1), the following inequalities are valid.
(1− q)bβte−aβγtΓ(α)a
Γq(α)b
<
Γ(α+ βt)a
Γq(α+ βt)b
<
(1 − q)bβ(t−1)eaβγ(1−t)Γ(α+ β)a
Γq(α+ β)b
. (19)
Proof. Let g(t) = lnφ(t) for every t ∈ (0,∞). Then,
g(t) = ln
(1− q)−bβteaβγtΓ(α+ βt)a
Γq(α + βt)b
= −bβt ln(1− q) + aβγt+ a ln Γ(α+ βt)− b lnΓq(α+ βt)
Then,
g′(t) = −bβ ln(1− q) + aβγ + aβψ(α+ βt) − bβψq(α+ βt)
= β [aγ − b ln(1− q) + aψ(α+ βt)− bψq(α+ βt)] > 0. (by Lemma 3.4)
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That implies g is increasing on t ∈ (0,∞). Hence φ is increasing on t ∈ (0,∞) and
for every t ∈ (0, 1) we have,
φ(0) < φ(t) < φ(1)
yielding the result.
Theorem 3.9. Define a function θ by
θ(t) =
(α+ βt)(a−b)et(
kaβγ−bβγ
k
)Γ(α+ βt)a
k−
bβt
k Γk(α+ βt)b
, t ∈ (0,∞), k ≥ 1 (20)
where a, b, α, β are positive real numbers such that a ≥ b. Then θ is increasing on
t ∈ (0,∞) and for every t ∈ (0, 1), the following inequalities are valid.
α(a−b)e−t(
kaβγ−bβγ
k
)Γ(α)a
(α+ βt)(a−b)k
bβt
k Γk(α)b
≤
Γ(α+ βt)a
Γk(α+ βt)b
≤
(α+ β)(a−b)e(1−t)(
kaβγ−bβγ
k
)Γ(α+ β)a
(α + βt)(a−b)k
bβ
k
(t−1)Γk(α+ β)b
.
(21)
Proof. Let h(t) = ln θ(t) for every t ∈ (0,∞). Then,
h(t) = ln
(α+ βt)(a−b)et(
kaβγ−bβγ
k
)Γ(α+ βt)a
k−
bβt
k Γk(α+ βt)b
= (a− b) ln(α+ βt) +
bβt
k
ln k + t(
kaβγ − bβγ
k
)
+ a lnΓ(α + βt)− b lnΓk(α+ βt)
Then,
h′(t) =
kaβγ − bβγ
k
+
bβ
k
ln k + β
a− b
α+ βt
+ aβψ(α+ βt) − bβψk(α + βt)
= β
[
kaγ − bγ
k
+
b
k
ln k +
a− b
α+ βt
+ aψ(α+ βt)− bψk(α+ βt)
]
≥ 0
That is as a result of Lemma 3.6. That implies h is increasing on t ∈ (0,∞). Hence
θ is increasing on t ∈ (0,∞) and for every t ∈ (0, 1) we have,
θ(0) ≤ θ(t) ≤ θ(1)
yielding the result.
4. Concluding Remarks
We dedicate this section to some remarks concerning our results.
Remark 4.1. If in Theorem 3.7 we set a = b = β = 1, then the inequalities in (9)
are restored.
Remark 4.2. If in Theorem 3.8 we set a = b = β = 1, then the inequalities in (10)
are restored.
Remark 4.3. If in Theorem 3.9 we set a = b = β = 1, then the inequalities in (11)
are restored.
With the foregoing Remarks, the results of [4], [2] and [7] have been generalized.
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